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Abstract 

Using the improved lower bound on the sum of the eigenvalues of the Dirichlet Laplacian proved by A. D. 
Melas (Proc. Amer. Math. Soc. 131 (2003) 631-636), we report a new and sharp estimate for the dimension 
of the global attractor associated to the complex Ginzburg-Landau equation supplemented with Dirichlet 
boundary conditions. 

^ ■ 1 Introduction 

a 

Let ft C M. n , n > 1, be a bounded open set with boundary dfl and consider the eigenvalues < Ai(Sl) < 
A2(fi) . . . < A m (f2) < . . . (repeated with multiplicity) of the Dirichlet Laplacian 

- Au = Am, in fi, (1.1) 
■ u = 0, on dfl. 

| A. D. Melas in [JJ Theorem 1, pg. 632 & pg. 635], proved that 

I>(fi)> ^n^m^+M n ^-m, (1.2) 

oo ! c ~± 

f "3 , M n = -, with c < (2ir) 2 (jj n " , but c independent of n. 

n + 2 



X 
S3 



Here tj n is the volume of the unit ball in M™, C n = (2-K) 2 uj n 2 ^ n (known as H. Weyl's constant) and V(fl) is the 
volume of ft. With I (ft) we denote the "moment of inertia" of ft, defined as 

I (ft) — min \x — a\ 2 dx. 
Note that if R := ^ v ^ J " , we have by translating the open set f2 that 

J(fi) > f \x\ 2 dx = 

Jb(K) 



nu n R n+2 
B(R) n + 2 



see [7J pg. 635]. The estimate (11.2[) is an improvement of order m of the estimate of P. Li and S. T. Yau [6l 
Theorem 1, pg. 312] 

J2Hft)>^V(fl)-^m^. (1.3) 
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Consider next the Dirichlet initial-boundary value problem for the complex Ginzburg-Landau equation 

d t u — (A + ia)Au + (k + i(3)\u\ 2 u - ju = 0, inft,t>0, (1.4) 
u(x,0) = u (x), for x G O, (1.5) 
it(a:,f) = in 50, t > 0, (1.6) 

The parameters \, a, k, f3,j are real and A, /c > (rendering (|1.4[) dissipative. It is well known (see J. M. 
Ghidaglia & M. Heron 4 , R. Temam [3]) that ([T3] ) -(jTl) ]) defines a semiflow S(t) : L 2 (Q) -> L 2 (0) possessing 
a global attractor .4 of finite Hausdorff (and fractal) dimension. We are interested in the case of non-trivial 
dynamics and we assume that 

AA a < 7 . (1.7) 

The case 

7 < AAi, (1.8) 

is leading to trivial dynamics in the sense ||u(£)Hx,2(f2) — > as t — > oo and A = {0} (see [8]). 

By using the improved lower bound (|1.2[) . we report in this note a new and sharp estimate (see Theorem 
I2.1[) on the Hausdorff dimension dim# A. The estimate reveals that the Hausdorff (and fractal) dimension of the 
global attractor associated to (|1.4p - (|1.6[) can be in fact considerably smaller than the one predicted by the known 
estimates (see also 4, 8]). We mention that (|1.2p can possibly produce interesting improvements and observations 
on the Hausdorff dimension of global attractors associated to the Dirichlet problem for other dissipative pde's, 
e.g. reaction diffusion equations and damped and driven semilinear wave equations or Schrodinger equations. An 
example has been reported in [5] concerning Allen-Calm type parabolic equations. 



2 A sharp estimate on the Hausdorff dimension of A. 

For simplicity reasons we denote by Hq(U) and L 2 (fi) the complexified spaces Hj(f2) = Hq(H,) 2 and L 2 (f2) = 
L 2 (fl) 2 for the complex field u — m + iu 2 - The operator — (A + ia)A : H 2 (Q) n Hq(£1) — > L 2 (Vt) can be rewritten 
as 

A —a 



-MA, M=^ A y (2.9) 

Furthermore, (M + M*)/2 = AI. Denoting by Aj(fi) the eigenvalues of the Dirichlet eigenvalue problem for the 
operator — IA in £1, it holds that {Xj(£Y)}°°_ 1 = {Aj(f2), Aj(f2)}°^_ r By using (|1.2p and the reduction-convexity 
argument of V. V. Chepyzhov and A. A. Ilyin [51 Theorem 3.1, pg. 816] we get that 



The first variation equation of (|1.4I 



g^VSr y,Qrl '" ¥+1, -w"" (2 - 10) 



d t U - F'{u)U = 0, 

is equivalent to 

d t U - (A + ia) AC/ + (k + i/3) { |w| 2 [7 + 2uRe(W} - 7 [/ = 0, (2.11) 

and it is supplemented with the boundary and initial conditions 

U = on dn and [7(0) = £ G L 2 (fi). (2.12) 

Problem (|2"3T j) -(|2l2 1) has a unique solution U G L 2 ({0, T]; H$(Q)) n L°°([0, T}; L 2 (fl)), for all T > 0. The 
function ito — * <S(t)uo is Frechet differentiable and the differential is L(t,uo) : £ G L 2 (fl) —>U(t) G L 2 (il). These 
fundamental results are from [3] and [5]. The sum /xi + . . . + fj, m of the first to global Lyapunov exponents is 
bounded by the quantity 



= limsup sup -[ ReTr[F' (S(t)uq) o Q m (r)]dT, 

ll«i|l £ 2 ( ^<l t JO 



2 



where Q m (t) is the orthogonal projection in L 2 (Q) onto span{?7i(<), . . . , U m (t)}. The vectors Ui(t), i — 1, . . . ,m 
are m-solutions of (|2 . llj) - (12 . 1 2[1 starting from the initial conditions Ui(0) = ^6 L 2 (VL) and the m-dimensional 
volume \U\{t) hUzit) . . . f\ U m {t)\ of the infinitesimal parallelepiped spanned by f/j(t) is given by 



|Ui(t) A * 2 (*) ... A I7 m (t)| = |& A...A£ m |exp / ReTt[F'{S{r)u Q ) o Q m { T )]ds. (2.13) 

Jo 

Finding m such that q m < 0, Constantin-Foias-Temam theory [31 [5] implies the exponential decay of the m- volume 
element. We fix r for the time being and we consider an orthonormal basis {4'j{ T )}'jLi of L 2 (£l) with 

span {0i (t), . . . , <£ to (t)} = span{C/i(r), . . . , U m (r)} = spanQ m (r)L 2 (fi). 

Since Uj(r) £ iJ^fi), for all j G N and almost all r > 0, we have 0j(r) 6 Hq(Q,) for all j £ N and almost all 
r > 0. Then Q m (r)0j(r) = 0j(r) if j < m and Q m (r)0j = otherwise. 

We will follow in part the proof of [51 Theorem 7.1, pg. 458] which will be modified as follows: Starting from 
the equation 

oo rn 

RcTt[F'(S(t)u ) o Q m (r) = ^Re (F'(u(r)) o Q ro (r)^(r), &(r)) iS(n) = ^ Re (f (u(t))^(t), ^(r)) L3(n) , 

j'=i j'=i 

it is found (cf. [8j eq. (7.9), pg. 758]) that 

m rn „ 

53(F»0„^)l 2 (q) = -A ^ ||^||^i ( o) +2|/3| / |«| 2 p^ + 7m, (2.14) 
i=i j=i ,/n 

where 

m 

p = p(a;, r) = 53 r )| 2 i for almost all a;, r. (2-15) 

i=i 

In the case of the Dirichlct boundary conditions we have the Lieb-Thirring inequality 

~ m 

/ P^dx<aJ2\\<t>iWk(ny (2-16) 
Jn j=1 

Using (|2.16p and Holder and Young's inequalities, the estimate (|2.14p becomes 

m m 

53(F'(u)^-,^) i2(n) < ^5311^11^1(^+21/3] ||u||i„ + 2 (n) |HI L »±2 (n) + 7™ 

3 = 1 3 = 1 



< - A 5Zll^'llff ( !(^) + 2ci l /3 lll w lli"+2(n)<5Ill^'llHo 1 (^) f +7^, ci = a 



+ 2 

* J 



< -2Eil^llH Hn)+C2|^|^A-f|HI2+i (n) +7m, (2.17) 

/ 2 \~ „ 

with c 2 = 2 (nC* ) 2 , 

\n + 2 J 

aiming to use (|2. 10[) instead of the property IpIIl 1 ^) = m < V(Q) | |p| | ^ »+2 . Indeed, since by [HI Lemma 
VL2.1,pg. 390] 

m m 

5311^-11^(0) ^ 5Z A J' 
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by inserting in (|2.17[) the estimate (|2.10[) . we deduce that 



J2( F '(u)(t>j,(t>j)L^n) 



< 



XnC r , 



2[2V(n)]t(n + 2) 
Let us note first, that the case 



A M n V(n) 



m + C2 



! A-t|Kr)|r+ 2 



L"+ 2 (0)- 



< 7 < 



A M n V{tt) 



2 7(0) 

corresponds to the case of trivial dynamics: from (|1.2| 



A M n V(U) . nC„ T _ /r , v 

^2^r <A ^ m 



+A_ r(or- AAi - 



which is condition l|1.8|) . Thus, under assumption (|1.7|) it is obvious that 

A M n F(0) 

2 7(0) < 7 ' 

With (|2.19[) in hand, we proceed from (|2.18[) and Young's inequality to 



1 



XnC„ 



Z^K Km,v 3 )L{p)- 4[2V(n)}i(n + 2) 



Hence, the number q rn is estimated as 



m 



2 n+2 v(n) 

(n + 2)(AC„)t 
c 2 |/3 



A M„V(fi) 



A-*||«(r)|r+- 



2 7(0) 
i™+ 2 (n)- 



9m < ~Am~ + B, A 



XnC„ 



4[2V(0)]^(n + 2)' 



where now the constant 7? is given by 

2 n+2 V(9) 



D 

S 



(n + 2)(AC„)i 
limsup sup - 



A M n V(fl) 



7-3- 



||S(r)uo||?+^^dr. 



7(0) 

ira+5 

lL"+ 2 (J2)'- 



C2 



(2.18) 



(2-19) 



(2.20) 
(2.21) 

(2.22) 
(2.23) 



Explicit estimates for <5 are given in [SJ Remark 7.1, pg. 460]. It is known from [3J Corollary 2.2, pg. 815] that 
if q m < /( to )j TO = 1,2,..., where f{x) is a concave function of the continuous variable x, and p(x*) — 0, then 
(HuihA < x* . In our case fix) — —Ax~^~ + B for x > 0. We may summarize our observations in 

Theorem 2.1 Consider the global atrractor A of the semiflow S(t) : 7 2 (0) — > 7 2 (0) defined by the Ginzburg- 
Landau equation supplemented with the Dirichlet boundary conditions with A > 0, K > and </ie parameter 7 > 
satisfying |1.7p . TTien 



dim#.A < 



TTie constants A, B > 0, are given by 12.21]) and ¥2. 22]) respectively. 

We remark that by the improved results of [2], the fractal dimension of A satisfies dimF.4 < d*. Theorem 12.11 
actually indicates (due to the appearance of the term — AA7„V r (0)/27(£!) in (12. 22ft ) that the number of degrees 
of freedom for the Ginzburg-Landau semiflow (1 1 .4[) - (| 1 . 6|) when AAi < 7, can be significantly lower than the one 
predicted by the known upper bounds (e.g. making use of an estimate of the form (jl.3p ). See also [HIHIE]- 
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